GENERALIZED HANTZSCHE-WENDT FLAT MANIFOLDS 



J. P. ROSSETTI^*' AND A. SZCZEPANSKI 

Abstract. We study the family of closed Riemannian ji-manifolds with 
holonomy group isomorphic to Z^^"^ , which we call generalized Hantzsche- 
Wendt manifolds. We prove results on their structure, compute some 
invariants, and find relations between them, illustrated in a graph con- 
necting the family. 



1. Introduction 

A flat manifold is a closed Riemannian manifold with zero sectional cur- 
vature. From Bieberbach theorems, it is known that in each dimension there 
is only a finite number of such manifolds, up to affine equivalence, and the 
problem of classifying them is important. Recently, this has been achieved 
up to dimension six (cf.fT), but it is not possible to do it in general. Hence 
some interesting families of flat manifolds have been considered, as for in- 
stance those with first Betti number zero or those with holonomy group 

Z2 e Z2. 

The purpose of this article is to study another special class of flat mani- 
folds, namely those of dimension n with holonomy group isomorphic to ^2 ^^. 
In dimension two the Klein bottle belongs to this family and in dimension 
three there are three such manifolds: a classical flat manifold flrst considered 
by Hantzsche and Wendt ^ (now called didicosm, see last section) and two 
non-orientable ones. 

Though here they are considered for flrst time together, these manifolds 
have been studied partially in ^3], jl4j . |15j . [17| . mainly in the oriented 
case, where we shall call them Hantzsche-Wendt manifolds (HW manifolds 
for short; respectively HW (Bieberbach) groups, if we consider their funda- 
mental groups, which are Bieberbach groups). They have many interesting 
properties, for instance, there are pairs of isospectral HW manifolds non 
homeomorphic to each other (cf. i,14 ). Moreover, HW manifolds have the 
Q- homology of spheres (cf. J^) and hence they are geometrically formal 
(cf. lUj). 

We shall call the manifolds in our family generalized Hantzsche-Wendt 
manifolds (GHW manifolds for short; respectively GHW (Bieberbach) groups). 
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One of the main results in this article is that the integral holonomy rep- 
resentation of a GHW manifold is of diagonal type (Theorem I3.1|) . This 
simplifies the study of this family. An immediate consequence is that the 
HW manifolds are exactly those considered in 14 . 

Another interesting property of these manifolds, or their fundamental 
groups, is given by the relations between them in different dimensions. In 
fact we show that every GHW group has a subgroup isomorphic to a GHW 
group of one lower dimension (Corollary 3.4). Moreover, from Theorem 15.11 
any n-dimensional GHW group is a subgroup of some (n + l)-dimensional 
one. With these observations we define a graph, whose vertices correspond 
to GHW groups, connecting the family, which we draw up to dimension four 
in the last section. 

It is clear that the number of non-oriented GHW flat manifolds is much 
greater than the number of oriented ones (see for instance the table in Sec- 
tion |1J). In the non-oriented case, there are two types of GHW groups, 
depending on whether the first Betti number equals one or zero. We show 
that the case with first Betti number one (as well as the oriented case) has 
only one holonomy representation, which is completely determined. Hence 
it makes sense to carry out the calculation of the Q-homology (see Theo- 
rem lOJ. 

The situation in the non-oriented case with first Betti number zero is 
much more complicated since the holonomy representation is not unique. 
We find the exact number of integral representations occurring in this sub- 
class and show that it grows linearly with the dimension. This follows as 
a consequence of Theorem 15.11 which asserts that every diagonal integral 
representation can be realized as the integral holonomy representations of 
a flat manifold. In Section El we consider some examples in this subclass 
which are similar to the HW manifolds from jl7j . In Section [3 we study 
some symmetries of GHW manifolds. In particular, we determine the outer 
automorphism groups of certain subfamily of GHW groups with non-trivial 
center. Moreover a general upper bound of the order of the outer automor- 
phism group of GHW groups is given. 

There are some problems and questions which we formulate at the end. 

We would like to thank Wim Malfait for discussions regarding Section 

2. Preliminaries and Notations 

Let r be a Bieberbach group of dimension or rank n. By definition it is a 
torsion- free, discrete, cocompact subgroup of the group E(n) = 0(n) k 
of rigid motions of the n-dimensional Euclidean space. The multiplication 
in E(n) is given by 

{B,b){C,c) = iBC,Bc + b), 

where B,C & 0(n) and b,c (z M". The translation part c of an isometry 
(C, c) € E(n) shall sometimes be denoted by s(C). If a flat manifold R"/r 
is oriented then by definition T is oriented. From Bieberbach theorems (cf. 
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[21), the translation subgroup A ~ Z" of T is normal, maximal abelian, of 
finite index. Then there is a short exact sequence of groups 

(1) — — — >G — ^0, 

where G is finite and isomorphic to the holonomy group of the manifold 
M"/r, thus we call it the holonomy group of F. It is well known that any 
extension as defines an element a € H'^{G,A), where the G-module 
structure of A is defined by conjugation in (P). We denote by p this integral 
representation and call it the integral holonomy representation of T (or of 

M"/r). 

Definition 2.1. Let F be a Bieberbach group of dimension n. A flat man- 
ifold M'^/F is called generalized Hantzsche-Wendt manifold if its holonomy 



group IS £,2 



n-l 



In this case F is called a generalized Hantzsche- Wendt group. 



Definition 2.2. We say that a Bieberbach group F is diagonal or of diagonal 
type if its corresponding lattice of translations A has an orthogonal basis in 
which the integral holonomy representation p diagonalizes. We will also call 
diagonal the corresponding flat manifold M"/F. 



Remark 2.3. In p£j, the previous definition was done with the (slightly 
more restrictive) assumption that the basis of A is orthonormal. We recall 
that diagonal manifolds have necessarily the holonomy group isomorphic to 



^9 for some k gN. 



Consider 



(2) 



1 

1 











••• 
••• 



1 
0-10 
1 





1 < i < n, 



where the —1 is placed in the (i,i) entry. For brevity we will denote Cj = 
diag(l, . . . , 1, — 1 , 1, . . . , 1) , for 1 < i < n. The product of two of these is 



(3) 



CiCj 



diag(l, 



-1 1, . . . , 1,-1, 1, . . . , 1), for every i < j. 



The elements in generate the group D^(?7-) := D(n) n SL(n,Z), of cardi- 
nality 2"""^, and of index two in the group D(n) of diagonal n x n matrices 
with entries ±1 in the diagonal. 



In the oriented case with holonomy group 



vn-l 



the rationalization of 



the integral holonomy representation p (i.e. to consider A as a Q-module 
instead of a Z- module), gives a unique representation pQ whose image, in 
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an appropriate basis, is exactly D^(n). Hence, when n is even there are no 
HW manifolds, since D"*"(n) contains —Id, which always corresponds to an 
element of torsion. 

3. Diagonal Structure of GHW Manifolds 

To start with, we present an important structural property of the class of 
GHW manifolds. 

Theorem 3.1. The fundamental group of a Generalized Hantzsche-Wendt 
manifold is diagonal. 

For the proof we start with two lemmas. 

Lemma 3.2. Let p : GL(n, Z) be a diagonal faithful integral rep- 

resentation with —Id lm{p). Then there is g € '^2~^ such that p{g) = 
diag(— 1, . . . , —1, 1, —1, . . . , —1). Moreover, if furthermore Im(/9) ^ SL(n, Z) 
then there is g E Z^~^ such that p{g) = diag(l, . . . , 1, —1, !,...,!). 

Proof. First, we regard D(n), T)'^{n) and lm{p) as Z2-vector spaces, of di- 
mensions n, n — 1 and n — 1 respectively. Also, D(n) = Im(/3) U {—Id)lm(p). 
Since the Cj's, for 1 < i < n, are linearly independent, they cannot lie all in 
lm{p) simultaneously, thus there is at least one of them in {—Id)lm{p), or 
equivalently, there is a — Cj in Im(p), as claimed. 

The last assertion in the statement follows from a similar argument. □ 

Lemma 3.3. Let T be a n-rank Bieberbach group with translation lattice A. 
Suppose that {B,b) € T and B has eigenvalues 1, —1, with corresponding 
eigenspaces and of dimensions 1 and n — 1 respectively. Then A = 
(A n V~^) ©(An V^), and the orthogonal projection of b onto V'^ lies in 

i(AnF+) \ (Any+) 

Proof. We have 

(4) r3{B,b + Xf = {Id, {B + Id){b + A)) , for every A G A. 

The torsion-free condition implies that Q ^ [B + Id)(b + A) G A, for every 
A G A. Now, ^{B±Id) is the orthogonal projection onto V^. If we suppose 
that for some A e A, ^{B + Id){b + X) =/i G A, then {B + Id){b + X - p) = 
{B + Id){b + X) — [B + Id){p) = 2/x — 2/i = 0, a contradiction. Hence, 
the orthogonal projection of b (and also of 6 -|- A for every A G A) onto 
lies in ^A \ A. The fact that is one-dimensional now implies that the 
orthogonal projection of A onto is exactly A n . Hence A splits into 
the direct sum of two lattices, and the lemma follows. □ 

Proof of Theorem AS.li We proceed by induction on the dimension n. If n is 
small, it is known that the theorem holds. Let p be the integral representa- 
tion of r defined on G = Z^~^ and let A ~ be the lattice of translations 
of r. The nature of the holonomy group G implies that each pqig) diagonal- 
izes, and since they commute, they diagonalize simultaneously, i.e., there is 
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a Q-basis ^? of A such that [pQ{g)]jg is diagonal for every g G G (and the ele- 
ments in the diagonal are ±l's). Then, Lemma l3.2l applied to these integral 
matrices implies that 3go Z^^"*^ such that [pQ(fi'o)]e = diag(l, —1, . . . , — 1) 
(after reordering B). Hence, ^(^o) has eigenvalues +1 and —1 with multi- 
plicities 1 and n — 1 respectively. Now we can a apply Lemma l3.3| and thus 
A splits into a direct sum A = Ai © A2 where dimAi = 1 and dimA2 = n — 1 . 
Also spaujgAi (resp. span]gA2) is the eigenspace of ^(^o) with eigenvalue 1 
(resp. —1) and the orthogonal projection of the translational part corre- 
sponding to p{go) lies in ^Ai \ Ai. Since p{go)p{g) = p{g)p{go) for every 



g e 



7 n— 1 
^2 ' 



we have that Ai and A2 are stable under the action of p{g)-, 
thus A = Ai © A2 is a Z^~^-module decomposition. Hence we have that 
p = X® p' ■, where x is a character and p' has rank n — 1, both defined on 



the same domain as p. Thus, V51 G Z2 



n-l 





xig) 






1 




P{9) = 




P'{9) 


and p{gQ) = 




-Id 



We may conjugate T by (Id, p) with p G ^Ai and obtain that pi{b) G ^Ai 
for every (i?, b) G T, where pi is the orthogonal projection onto span^Ai (cf. 
|16j . Lemma 1.4). 

We define a character ^ : T/A ~ ^3""^ — > Z2 = {0, 1} by 



if pi{b) G Ai; 

1 if pi{b) G ^Ai \ Ai. 



It is well defined since all the elements [B, b) in the same class in F/A have 
the same pi{b) mod Ai. Now we consider 

r ^ r/A ^ Z2, 

where r is the canonical projection. Set V := ker(^or). It is a subgroup of T 
of index 2 and its elements (i?, b) have the property that pi (b) = (mod Ai). 
The last fact shows that if we take T" := F' (i-e. the restriction to the 
last (n — 1) coordinates of B's and 6's), it is still a Bieberbach group, it 
has rank n — 1 and holonomy group isomorphic to (Alternatively, 
we could have considered the subgroup Fq := {{B,b) G F : 61 = 0}, where 
b = (61,62) G Ai ffi A2, and observed that the restriction of Fq to spanjgA2 
gives an isomorphism between Fq and F".) Then we can apply induction to 
F", hence it is diagonal. By the relation between F and F" it is clear that 
therefore F is diagonal. □ 

In the proof, the group denoted by F" is a subgroup of F (in the abstract 
sense, i.e., there is a monomorphism from F" into F). This gives a way 
of going from one dimension to the previous one within the class of GHW 
manifolds, which will be used in Section |H1 In other words we have 
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Corollary 3.4. Every GHW group has a subgroup isomorphic to a GHW 
group of one lower rank. 

In the oriented case, the existence of these manifolds in each odd dimen- 
sion was proved in jl3j and one realization in each odd dimension was shown 
in ^7] . In IJl] the oriented flat manifolds with (orthonormal) diagonal holo- 
nomy and holonomy group Zg ^^ were studied and they were parametrized by 
certain directed graphs; also lower bounds for their cardinality were shown, 
growing rapidly with n. 

Remark 3.5. (i) A direct consequence of Theorem 13.11 is that in the ori- 
ented case, the above definition of generalized Hantzsche-Wendt manifolds 
coincides with the Hantzsche-Wendt manifolds considered in jl4j . 

(ii) Generalized Hantzsche-Wendt manifolds are of minimal dimension 
among those with holonomy group Z2 , k fixed and > 1 (cf. |H]). Furthermore 
they are the only existing closed Riemannian n-manifolds with holonomy 
group since manifolds with finite holonomy group must be flat, by a 
theorem of Cartan- Ambrose-Singer (see |21| . Cor. 3.4.7). 

(iii) For every k, 1 < k < n — 1, there are flat manifolds with holonomy 
group Z2 not of diagonal type. Examples of this situation are easy to 
construct (see end of Sectional). 

(iv) Somehow opposite to diagonal manifolds are flat manifolds having 
indecomposable holonomy representation. We recall that there are many of 
them, and for example, for holonomy group Z|, they have been classified 
and the set of their dimensions is unbounded (cf . ^ ) . 

4. Non-Oriented GHW Flat Manifolds 

The class of non-oriented GHW manifolds includes two subclasses, de- 
pending on whether the first Betti number /3i = or 1, or equivalently (cf. 
[Hj), the classes of Bieberbach groups with trivial or non-trivial center. 

Let us consider first the case with non-trivial center. From Theorem 13.11 
and a similar observation as at the end of Section |21 for HW manifolds, this 
subclass have the integral holonomy representation uniquely determined. 
A simple example is the following (cf. J2])- Let Kn be the subgroup of 
E(n) generated by the set {(Cj,s(Cj)) : < i < n — 1}, where Cq = I 
and Ci = diag(l, . . . , 1,^^—1^, 1, . . . , 1) are the n x n orthogonal matrices 

i 

defined in @. Moreover s(Co) = ei and s{Ci) = ej+i/2 for other i. Here 
ei,e2,...,e„ denote the canonical basis of Z". In [T^ it was proved that 
Kn is a Bieberbach group and that there exists the following short exact 
sequence of groups 

(5) Kn-l Kn^I^^O, 

where the epimorphism Kn — > Z is given by the composition 



Kn^Kn/[Kn,Kn]^Z. 
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However in general we have the foUowing proposition. 

Proposition 4.1. Let T be a Generalized Hantzsche-Wendt group of di- 
mension n with non-trivial center. Then the kernel of the composition 
f : T ^ r/[r,r] Z can be an oriented or a non-oriented Generalized 
Hantzsche-Wendt group. 

Proof. First, it is not difficult to observe that ker / is a Bieberbach group (cf. 
[^). Prom the assumptions, the abelian group r/[r, F] ~ Z © where F is 
a finite group (cf. ^). Let f{{A, a)) G Z be a generator for some {A, a) G F. 
We can assume, by using Lemma 13.21 that A has eigenvalues 1,-1, with 
corresponding eigenspaces V'^ and V~ of dimensions 1 and n—1 respectively. 
Moreover we have an isomorphism ker //(A fl ker/) ~ ker //(A fl V~) ~ 
Z^~^, where A is the translation lattice of F. We have to show that Z^^^ 
is the holonomy group of the Bieberbach group ker/. But this follows from 
the assumptions and Lemma 13.31 To finish the proof we observe that for 
odd n, every ker / is non-oriented. On the other hand, using semidirect 
product F' Xq, Z with the integers, for any HW group F' of dimension n, we 
can define a (n + l)-rank GHW group with non-trivial center such that the 
kernel of the map onto Z is isomorphic to F'. Here a : Z ^ Out(F') is a 
homomorphism which send 1 to —Id € Out(F'). □ 

As mentioned above, the holonomy representation of GHW manifolds 
with /3i = 1 is always equivalent to that of the above example, hence all 
these manifolds have the same rational homology, namely 

Theorem 4.2. Let M be a Generalized Hantzsche-Wendt fiat manifold of 
dimension n with first Betti number one. Then 



Hj{M,Q) 



Q if j = 0, 1; 
otherwise. 



Proof. From the definition and assumptions we have a short exact sequence 

— , Z" — > 7ri(M) — > Z^-^ — > 0, 

where the action of Z^^"*^ on Z" is given by the matrices Cj, 1 < i < n — 1. 
This defines a representation p : Z^~^ — GL(n, Z). Using a similar method 



as in ^2 we have a character $ of p given by the formula 

n 



i=l 



where Xi = Xo--- x'oX'iX'o ■■■x'oA <i <n-l with x'l the z-th of the (n - 1) 
factors in the product, and Xn = (Xo)"~^- Here Xo; x'l denote respectively a 
trivial and a non-trivial character of the involution group Z2 . From 
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From its definition, the representation of Z^~^ on A-' (Q") has the following 
character 

(6) ^\p)= X] XhXi2---Xir 

l<ii<i2<--<ij<n 

We have 

(p) = Xi ^ Xi2--- Xij + ^ XhXi2 ■ ■ ■ Xij ■ 

2<i2<--<ij<n 2<ii<i2<--<ij<n 

Hence by induction and an immediate calculation the result follows. □ 

According to [3] the number of isomorphism classes of GHW manifolds 
and their holonomy representations in dimensions up to 6 are as in the 
following table. 





number of GHW manifolds. 


number of 


dim 




/3i = l 


total 


orient. 


non-orient. 


holon. repr. 


2 





1 


1 





1 


1 


3 


1 


2 


3 


1 


2 


2 


4 


2 


10 


12 





12 


2 


5 


23 


100 


123 


2 


121 


3 


6 


352 


2184 


2536 





2536 


3 



There are 62 HW manifolds in dimension 7 and more that 1000 in dimen- 
sion 9 (cf. 15 ). 

5. Holonomy Representations 

If we consider the case of non-oriented generalized Hantzsche-Wendt Bieber- 
bach groups with trivial center then we have many more possibilities for the 
holonomy representation. Let us start establishing the following general 
result. 

Theorem 5.1. Let p : GL(n,Z) be a diagonal faithful integral repre- 

sentation with —Id Im(p) and k < n. Then there is a Bieberbach group 
whose integral holonomy representation is p. 

Proof. It suffices to prove the case k = n — 1, since in the cases k < n — 1 
we can use the lemma below to induce from p a new representation defined 
on 1'2~^'i then apply the result for n — 1 to obtain a diagonal Bieberbach 
group r with the new integral holonomy representation; and finally, choose 
the appropriate proper subgroup of F of index 2""^^^^ corresponding to the 
original integral representation p. Note that this chosen subgroup has the 
same lattice of translations as F, and by construction, it is always a diagonal 
Bieberbach group. 

Lemma 5.2. If a : Z| GL(n,Z) is a diagonal faithful integral repre- 
sentation with —Id lm{a) and k < n — 1, then there exists an integral 
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representation t : TL^ GL(n, Z 

containing -properly a, i.e., r ["^fexjo}' 



with the same properties as a and 
a. 



Proof. Denote a~ := —Idoa, i.e. cr^{g) := —{a{g)). Since —Id Ini(cr), 
we have Im(cr) fl Im(cr") = 0. Since 2 x 2^ < 2^, there is B e D(n) \ 
(Im((T) nIm((T~)). Now define r : ^2^^ D(n) as the unique representation 
satisfying r tgfcxjo}" ^ ^^'^ l^{o}'=xZ2~ (-^) (here we are identifying {B) 
with the representation of Z2 in Z" whose nontrivial element acts hy B). 
Since B Im(o"), r is a faithful representation; since B ^ Im(cj^), —Id 
Im(r), and therefore r has the desired properties. □ 

( continuation of the proof of Theorem \5.1\) We continue the proof by induc- 
tion on n. If n = 2,3, it is easy to prove it. If Im(/3) C SL(n,Z), then n 
must be odd and we know that there are manifolds with p as its integral 
representation, namely the Hantzsche-Went manifolds as in J^]) jl4j . jl7j . 
Otherwise lm.{p) contains elements of determinant —1, then by Lemma 13.21 
there is Cj G Im(/3), that after reordering the coordinates we may assume to 
be Ci = diag(— 1, 1, . . . , 1). Denote pi the projection onto the first coordi- 
nate and pr the projection onto the last n — 1 coordinates. Next, consider 
ker(pi o p), which is a subgroup of ^2 
ker(pi o p) <— > Z^""*^, and define p' : = p. 
and —Id ^ lm{p'), however it is of rank n — 1 and defined from a group 
isomorphic to Z^~^. By induction, there is a Bieberbach group T' whose 
integral holonomy representation is p'. Moreover, we may assume that all 
the elements in F' are of the form {B', b') with B' G Im(p') and b' G ^Z"~^ 
(see Lemma 1.4 in ^^). 

To complete the proof one might use previous known results, as in ^H], but 
we prefer the following explicit method, since it is elementary and provides 
a method which will be useful in Section |H1 



" ^ of index 2. Denote the inclusion 
o p o L. Then p' is faithful, diagonal 



1 ... 1 


-1 


-1 ••• -1 




1 




r' 




r' 




1 





The previous picture gives an idea of the Bieberbach group we are con- 
structing. In the middle column is placed Ci. We need a vector c G M" to 
form a torsion-free element (Ci,c). We choose c = 62/2 (any other choice 
c = ei/2 for i > 2 would work well too). Now we define new elements by 
using the elements in V in the following way: if {B' , b') G F', then we define 

^ ^ " {b[,o,b'„...X-i) 



{B,b) by B:-- 



B' 



and b :- 



where 6^, I < i < n, 



are the coordinates of 6'. Then F' := {{B, b) : {B' , b') G F'; : 1 < i < n) is 
an n-rank Bieberbach group with holonomy group ker(pi o p) (it is torsion- 
free since F' is so). We claim that {{B,b) G F',(Ci,c)) is a Bieberbach 
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group with integral holonomy representation p. It is clear that its integral 
representation is /), so the only point to be explained is that it is torsion- 
free. This condition is clear for elements in V and for (Ci,c). Now the 

products {B,b){Ci,c) are of the forms {D,d) with D = 



-1 
B' 



and 



d = (*, ^, 62, . . . , b'^-i)- Since T' is torsion-free, then the elements {D, d) are 
torsion-free too. □ 

Now we are interested in the holonomy representations of GHW groups. 

Theorem 5.3. The total number of inequivalent integral holonomy repre- 
sentations occurring in Generalized Hantzsche-Wendt Bieberbach groups of 
dimension n equals n/2 for n even and (n -|- l)/2 for n odd. 

Proof. By definition, each holonomy representation is defined by a hyper- 
plane in Z^. From linear algebra, it is the kernel of a linear map with 
matrix [xi,X2, ■ ■ ■ , Xn], where S Z2 = {0, 1}. Hence, we have the follow- 
ing n classes of diagonal representations: 

[1,0,... ,0], [1,1,0,... ,0],... ,[1,1,... ,1,0], [1,1,... ,1]. 

Since we are considering torsion- free groups, all the hyperplanes correspond- 
ing to holonomy representations do not have the vector [1, 1, . . . ,1], since 
—Id corresponds to an element of torsion. Hence we have to consider only 
vectors with an odd number of nonzero elements. We claim that diagonal 
holonomy representations defined by such vectors are all inequivalent. In 
fact, let us consider a hyperplane (representation) as the set of n x n diag- 
onal matrices. It suffices to count the number of matrices A such that the 
group of fix points (Z")^ of the action of A is isomorphic to the integers Z, 
i.e. matrices of the form A = diag(— 1, . . . , —1, 1, —1, . . . , —1). It is not diffi- 
cult to see that for different hyperplanes, the number of such ^'s is different. 
Summing up we have for n even, n/2 and for n odd, (n -|- l)/2 possibilities, 
which indeed occur by Theorem 15. II □ 

As a consequence, the number of integral representations occurring in 
non-oriented GHW groups with trivial center is (n/2) — 1 for n even and 
((n + l)/2) - 2 forn odd. 

6. Examples 

In this section we present an explicit example of GHW groups with trivial 
center in each dimension n. In the notation of the proof of Theorem \^.'A\ 
its holonomy representation corresponds to hyperplanes [1, 1, . . . , 1, 1] in the 
odd case and to [1,1,..., 1, 1, 0] in the even case. For n > 2, let r„ be the 
subgroup of E(n) generated by the set {{Bi,s{Bi) = Xi) : 1 < i < n — 1}. 
Here -Bj's are the n x n orthogonal matrices: 

(7) Bi := -Ci = diag(-l, . . . , -1,1, -1, • • • , -1) 
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and 

Xi = s{Bi) = ei/2 + ei+i/2 for 1 < i < n — 1. 

These groups have trivial center for n > 3. In f^j (see also Jl]) it was 
proved that r„ are Bieberbach groups for odd n. For even n the groups 
r„ are also Bieberbach groups (one might also use Proposition 2.1 in |^ to 
prove it) in particular because we have 

Proposition 6.1. For n >2, there is a monomorphism (pn :Tn ^ ^n+i of 
groups. Moreover (pnij^n 

) is not a normal subgroup ofTn+i- 

Proof. Let {{Bi,Xi) : 1 < i < n — 1} be a set of generators of r„. We have 
an inclusion /c : Z" ^ where 6 G is mapped to k{b) = (6, 0) G Z"+^ 



Next, we consider the (n+l)x (n+1) matrices Bi := — ^ — , 1 < i < n. 

We define 

(j)n{iBi,Xi)) = {Bi, k{xi)). 
Finally, it suffices to conjugate by the translation (Id, (0, . . . , 0, 1)) an el- 
ement (/>„((i?i, (1/2, 1/2, 0, . . . ,0)) to show that the image of F^ is not a 
normal subgroup. □ 

By analogy with |E1 we have. 

Theorem 6.2. For n > 2, 



Fj(R"/r„,( 







if j = 

if n is even and j = n 
if n is odd and j = n 
otherwise 



Proof. For odd n it was proved in The proof for n = 2k follows the 
same structure as the proof of Theorem 14.21 We have just to replace n by 
2k, M by F2fc-i, and the action of matrices Ci by the action of Bi as in 0, 
thus the characters change accordingly. Now from the equivalent to formula 
®, an immediate calculation shows that no summand is trivial there, then 



dimQ[A-^ 



, 2k-l 



for each j, 1 < j < 2k — 2. Moreover 



E 



1 



E 



22fc-l 

2fe-l l<n<j2<---<«2fc-l<2fc 



XhXp 



E 



^ 2k 

22fc-l ^ 
i=l 



xi---Xi---X2k{g) 



^ 2k-l 

22k~l ^ 
i=0 



■ Xii (g) 



{2k - 2i) 



2k - 1 



Here xi ■ ■ - Xi ■ ■ ■ X2k denotes the product of characters xi ■ ■ - Xi ■ ■ ■ X2k with- 

= 1. Finally, one can 



2k\]Z. 



out the character Xi- Hence dimQ[A^^ ^ 
calculate that 

2fc-l 

xiX2 ■ ■ ■ X2k{g) = ^i-'^) 



i=0 



2k -1 



0. 
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In the formulas above we use the definition of characters on the elements of 
7^2^^^ considered as elements of Z2-vector space. 



□ 



A small modification to the groups Kn defined in Section 0] produces 
examples as required in Remark I3.5r iii): we replace the (1,1) entries in 
matrices Cj by 2 x 2 matrices of the form 

1 

1 



J 



if the entry is a —1; and 



the 2x2 identity 



if the entry is a 1. 



matrix Ci 



and vector s{Ci) = and now we have a 3 x 3 



matrix 



J 




Now the dimension increases by one, while the holonomy group remains the 
same. For example, for n = 2, we had for K2 (the Klein bottle group), 
-10" 
1 

and vector ^ to obtain a 3-dimensional Bieberbach group 

which is not of diagonal type. 

Hence these are, as claimed, non-diagonal examples in the case that k + 2 
equals the dimension (where is the holonomy group). The verification 
that these are indeed Bieberbach groups is easy, and analogous to that for 
Kn. The smaller the k (with fixed dimension), the easier the construction 
of these examples. 



7. Outer Automorphism Groups 

In this section we give an estimate for the order of the outer automorphism 
group of GHW Bieberbach groups. In the case of the groups considered 
in SectionlU we prove that the group Aut(-R'„)/Inn(i('„) =: Out(i^„ 
We denote by \A\ the order of a group A. 



Theorem 7.1. LetT be a Generalized Hantzsche-Wendt group of dimension 
n. Then we have jOut(r)| < 2""*"^n!. Moreover in the case with non-trivial 
center we have |Out(r)| < 2"(n — 1)!. 

Proof. Let denote the normalizer in GL(n, Z) of the holonomy group 
Z^-^. Then N acts in a natural way on ^^(^n-i^^n). 

Let a E //^(Z^~^,Z") denote the cohomology class giving rise to the 
group r, and let denote its stabilizer in N . Then Z^~^ is a normal 
subgroup of Na and we have a short exact sequence (cf . , JU] ) 

^1 



(8) 







H\zr\ 



Z") 



Out(r) — > No,/z]^- 



0. 



From 10 for HW groups, N = 5'„,iZ2 is semidirect product of the symmetric 
group Sn and Z^. For a non-oriented GHW group with non-trivial center, 
A = Z2 X {Sn-i I Z2). In fact, the normalizer A^ ~ Z2 © Ai because the 
image of the holonomy representation contains a unique element having as 
its diagonal entries only one 1 and the remaining are all — I's, (see Lemma 
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IH.2|1 . Moreover A'^i ~ Sn^i I "^2- In the case of non-oriented T with trivial 
center we can write the diagonal group in the group GL(n, Z) as a sum 
of a holonomy group ^2""^ and a set {-Id)Z^-^. Hence iVGL(n,z)(^2"~^) ^ 
^GL(n,z)(22'') - •S'n^Za. From © we only have to prove that \H'^{Z^-'^ 
equals 2" in the case of trivial center and 2"~^ in case of non-trivial center. 
But this is proved in 0. □ 

Corollary 7.2. For n>2, Out{Kn) ^ 7^2- 

Proof. From above the normalizer A*" of the holonomy representation is equal 
to Z2 X Sn-i I Z2, where the permutation group acts on the first (n — 1) 
coordinates. Let s G ff^(Z^~^,Z") be a cocycle which corresponds to the 
group Kn of Sectional Then Ng = Z|^. In fact it is enough to observe that 
for any non-trivial a £ Sn-i, cfs 7^ s. We have 

{as){Bi) = as{a^^Bia) = fTs(B^-i(i)), 

for any generator Bi € Z^~^ and i = l,2,...,n — 1, see ^0]. We are looking 
for the permutation a G Sn-i such that the cocycle as — s is trivial. We have 
two cases. First assume that a~^{i) + 1 < n. Hence (T~^(i) + 1 = u^'^ii + 1). 
From a~^{i) -|- 1 = n it follows that i = n — 1. Summing up we have a G Ng 
if and only if, for i < (n — 1), a{i + l) = a{i) + 1 and a{n — 1) = n — 1. Hence 
for i = n — 2 we have a{n — 2) = n — 2 and by induction a is identity. To 
finish the proof we observe that iV^/Z^^^ = Z2 and it is generated by the 
image of —Id. Now it is enough to apply the short exact sequence (jSJ. □ 

Remark 7.3. From [51 , for GHW manifolds of dimension n with first 
Betti number /3i, the group Aff(M"')/(S'^)^^ of affine diffeomorphisms of M" 
is isomorphic to the group Out(7ri(M")). 

8. A Graph Connecting the GHW Manifolds 

In this section we start the discussion of relations between the generalized 
Hantzsche-Wendt manifolds of different dimensions. For manifolds with 
first Betti number one we have relations from E. Calabi's construction (see 
Proposition mi] and |2T], p. 125). But we have also a lot of links between 
GHW groups of different dimensions in the case when one of them has trivial 
center. We must say that this subject needs further research and we want 
to come back to it in the future. Most of the observations in this section are 
corollaries from previous ones, and we shall omit some proofs. 

Let us start defining a graph G as follows: 

• The vertices of G are the GHW groups (or manifolds). 

• We say that a vertex has dimension n if it corresponds to a GHW 
manifold of dimension n. 

• Edges are defined only between vertices in consecutive dimensions. 

• There is an edge between two vertices (in consecutive dimensions) 
if one of the corresponding GHW groups is a subgroup of the other 
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(in an abstract sense, i.e. there is a monomorphism from one into 
the other). 

From Corohary 13.41 we see that in G there is always (at least) an edge 
'down' from each vertex. As a direct consequence we have 

Corollary 8.1. (i) The fundamental group of the Klein bottle is a subgroup 

of every GHW group. 

(a) The graph G is connected. 

Moreover from Figure ^ we see that G is not a tree. 

On the other hand, from the method in the proof of Theorem 15.11 it is 
possible to deduce that any GHW group in dimension n is subgroup of a 
GHW group in dimension n + 1. Moreover, we can prove that it is indeed 
subgroup of at least two different GHW groups in dimension n + 1 (we omit 
the proof for brevity) . In the graph G this means that from any vertex there 
are at least two edges 'up'. 




{n = 4) 



(n = 3) 



Figure 1 . The graph of GHW manifolds up to n = 4. 

In Figure n a point o (resp. a bullet •) denotes a GHW manifold with 
first Betti number zero (resp. one); K is the Klein bottle; +a2 and —a2 
are the first and second amphidicosm respectively, they are the two non- 
oriented GHW manifolds of dimension 3; c22 is the didicosm (or the oriented 
Hantzsche-Wendt 3-dimensional flat manifold). The new names are due to 
a proposal by John H. Conway to name the ten flat 3-manifolds according 
to their properties, which we adopt (this terminology is introduced in 4,). 

Other edges in Figure ^ a-re obtained by extensions to the methods of 
theorems 13.11 and 15.11 

There are many other properties of G to be explored. For instance, a 
distance between vertices can be defined in the standard way for graphs. 

In dimension 5 there are only two HW manifolds (cf. ^14^). With the 
method of Theorem 13.11 it is not difficult to prove that they have both r4 
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(defined in Section as a subgroup, and therefore tfie distance between 
them is just two. We also have 

Proposition 8.2. The fundamental group of the didicosm (or Hantzsche- 
Wendt 3-manifold) is a subgroup of every GHW group with trivial center. 

Proof. Denote by T the given GHW group. By Lemma [3.2l there is {B, 6) G F 
such that (after permuting coordinates) B = diag(l, —1, . . . , —1) and b = 
(^, *, . . . , *), where each * is in {0, ^}. Since F has trivial center there is 
another element (C, c) E F with C = diag(— 1, 1, — 1, ±1, . . . , ±1) and the 
second coordinate of c equals 1/2. Now the integral representation corre- 
sponding to {B, C, BC) is the direct sum of the three non-trivial characters 
of Z2 © (with certain multiplicities). Then it is not difficult to check 
that the subgroup of F generated by {B,b) and (C, c) is isomorphic to the 
fundamental group of the didicosm. □ 

In [Hj, the analogous result was proved for Bieberbach groups with holo- 
nomy group Z2 Z2 (instead of GHW groups) and trivial center (see also 

EQi). 

By the groups Kn, n >2, form an infinite chain in G. Also the groups 
F„, 77. G N, n > 3 from Section El form an infinite chain by Proposition lH.il 

Finally, we remark that the edges in G sometimes correspond to normal 
subgroups and sometimes not (or they can correspond to both simultane- 
ously). For instance, the chain obtained by Proposition 16.11 is not normal. 
Also, Tri{K) can be injected as a normal and as a non-normal subgroup in 
-7ri(-|-a2) and in 7ri(— a2) but it is never a normal subgroup of 7ri(c22). 
Some problems and questions: 

1. Are there relations between Fibonacci groups and the fundamental 
groups of Hantzsche-Wendt manifolds? (cf. JH] ) 

2. Are there other geometric structures on oriented GHW manifolds? 
Is it possible to introduce some invariants on them? (in analogy with 
three dimensional rational homology sphere as Casson- Walker and 
Seiberg-Witten invariants) 

3. Is it possible to improve the upper bound given in Theorem 17. If 
Could the factor n\ be replaced by n? 

4. What are the geometrical and topological properties of the 'graph' 
of GHW manifolds? 
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